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Complete balanced Howell rotations are mathematical designs for highly structured paired- 
comparison experiments. They have been widely used in bridge tournaments, and many special 
cases are applicable to round-robin tournaments for all kinds of sports. In this paper we 
construct complete balanced Howell rotations of 8k f 5 teams, for 8k + 5 a prime power greater 
than 5. We also show that “table balanced” complete balanced Howell rotations for 8k + 5 
teams do not exist unless 8k + 5 is the sum of two squares of integers. 
Complete balanced Howell rotations are mathematicai designs for paired- 
comparison experiments with numerous experimental factors to be neutralized. 
They have been widely used in bridge tournaments (see [2], for exar tit le), with 
various special cases applicable to round-robin tournaments for all kinds nf sports. 
The mathematical aspects of such designs have been discussed in [I, 5-81. Using 
the bridge tournament terminology, a team consists of two players, whil? a match 
is played by two teams, seated at the two directions NS and EW of a table, 
opposing each other on a board (a bridge hand) at a row& (a time period). Two 
teams are said to compete on a given board if erlch is seated in the same direction 
when playing that board. Let CBHR(n) denote a complete balanced Howell 
rotation of yt teams. For IZ odd, a CBHR(n) consists of a set of yt boards, a set of 
n rounds, a set of i(n -- 1) tables, and a set of (2”) matches with tile following 
properties: 
(1.1) Each board is played by every team except oine. 
(1.2) Each team opposes e 
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a primitive: element of GF(8k + 5). In this paper we generalize the above result by 
constructing CB b 1, for 8k + 5 I prime power. 
Fig. 1 illustrates a CBHR( 13) constructed by a cyclic development 
row. Note that boards, rounds and teams are represented by the 
GF( 13). Under each table, the first two columns give teams and the third column 
of the initial 
elements of 
rounds. 
In the general case, the rows are labeled by the elements of GF(8k + 5) and 
entries of row y equal entries of row 0 plus y. 
Without loss of generality we assume that team i sKips board i and round i. We 
give conditions that the initial row must satisfy so that a cyclic development 
generates aI CBHR(8k + 5): 
(2.1) Each team except team 0 appears once. 
(2.2) The symmetric differences of all opposing teams consist of all nonzero 
elements in GF(8k + 5). 
(2.3) The set of NS teams and the set of EW teams are supplementcrry difference 
sets, i.e., the nonzero elements in GF(8k + 5) are symmetrically repeated as 
differences generated within the two sets. 
(2.4) The round numbers are all distinct. 
(2.5) Let t. t! 17 1 and ri denote the two teams and rounds at table i respectively. 
Then 
consists of all nonzero elements in GF(8k + 5). 
It is obvious that condition (2. j) guarantees property t 1. j) for j = 3,2,3,4. As 
ti - Ti, t; - Yip i = 1,2, . . . ,4k + 2, yields all the teams that play at round 0, condi- 
tion (2.5) guarantees property (1.5). 
Note that if the values ti + ti are all distinct, then we can let ri = ti + t[ and 
condition (2.5) is automatically met. The set of pairs ((I;, t:): i = 1,2, . . . ,4k + 2) 
satisfying properties (2.1)-(2.5) is called a balanced startt!r (with adder {Ti}) in the 
oom squares (see [8] for example). If, furthermore, the values h + ti 
ct over all i, then balanced starter is st~on>:. 
R(8k + 5) I:onstructed 1~) the method described in 
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Table 7 
- 
n x Y T(Y) 73x- 1) ny- 11 T(x-tl) T(y+l) 
-- - - --__ 
13 2 6 5 12 9 4 11 
292 3 5 2s 1 5 2 
37 2 18 17 36 7 26 35 
53 2 35 9 52 11 17 36 
61 2 32 5 60 31 6 21 
_- -- 
. Let n = 5 (mod 8) > 5 be a nrime power. TIte 2 there exists a ptimitiue 
element x of GF(n) and an element y such that 
(i) T(y) = T(x) (mod 4), 
(ii) T( y - 1) = 1 t T(x - 1) (mod L), 
(iii) T(y + 1) f 2 + T(x + 1) (mod 4), 
where T(z) = t if z = x’. 
e element y explicitly for n! < 101 (see Table 7). 
For’ n 2 103, we prove Lemma 2 by using cyclotomic theory. The cyclotomic 
numbers for n = 5 (mod 8) are determined by the array (see [9] for example): 
i\j 0 1 2 3 
OABCD 
1 E E D B 
2AEAE 
3 EDBE 
(3.1) 
together with the relations 
M/1 = n-7+2s, 
433=n+1+2s--Sf, 
16C=n+l-6s, 
16D=n+1+2s+8t, 
16E=n-3-2s, 
where n = s2 + 4t2, with s = 1 (mod 4), and the sign of i’ is ambiguously deter- 
mined. 
Let f idenote the number of elements z in GF(n.) :;a;isfying 
T(z)= 1 (mod 4), (3.2) 
T(z - 1) =O (mod 2). (3.3) 
enote th.3 number of elements in GF(n) satis’ykg (3.2) and 
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Let h denote the number of elements in GF(n) satisfying (3.2) and 
T(z+l)=T(x+1)+2(mod4). (3.5) 
Then from (3.1), 
f=B-tE, g=W+E, 
h = one of the entries in row 1, i.e., E, W, or B. If f > 12 and g > h, then regardless 
of whether T(x - 1) is odd or even, there exists an element satisfying (3.2) and 
(3.3), or (3.2) and (3.4), but not (3.5), i.e., an element satisfying the conditions off 
L,einma 2. 
To prove f > h and g > h, it suflices to prove 
l?+E:43>0, 
B+E:>w>o, 
E>O, 
or, equivalently, 
suffices to illustrate a strong starter for board 0. Let x denote a 
primit.ve 
pairing: 
, x4i i-l 4i+2 ,x ), i=O,l,..., 2k, 
, x4i+3 
x 
4i +4k -1-4 
,d ), i=O, 1,. . .,2k, 
satisfies conditions (2. Q-(2.5): 
e set of teams {x4’+‘, xdi+‘, x4’+‘,, x4i+4k+3: i = 0. 1,. . . ,2k) clearly 
consists of every team except team 0. 
(2.2) The symmetric di 
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Since T(x - 1) = 1 + T(y - 1) (mod 2), one of the above two sets of symmetric 
differences runs through all odd powers of x and the other all even powers. 
(2.3) The set of NS teams (first team in each pair) consists of all quadratic 
non-residues and the set of EW teams all residues. Condition (2.3) now follows 
from Lemma 1. 
We now verify that the sums of the pairs (mod 8k + 5) are all distinct, so that 
conditions (2.4) and (2.5) are satisfied. The sums are 
x4’+‘(x+l,, i=O,l, . . . . 2k, 
x4i+3(y + I), i = 0, 1, . . . ,2k. 
Since T(y + l)+ 2 + T(.u + 1) (mod 4), the fir-st set of sums and the second set of 
sums are disjoint. The proof is complete. 
Next we prove a nonexistence result. 
core A necessary condition for the existence of a table-balanced 
CBHR(8k +i) is that k 2 1 and all prime factors of 8k + 5 of the form &II + 3 hate 
even exponents in the standard form of 8 k -t 5. 
It is straightforward to verify that CEIHR(S) does not exist. ‘:,et T denote a 
CBHR(8k + 5) and let M = (Qj) be a (8k + !5) x (8k + 5) matrix, with rows labeled 
by the teams and columns by the boards. Define 
if team i sits NS on board i, 
m,j = if team i sits EW on board i, 
if team i skins board i. 
Then ha is a f: 1 matrix with zero diagonal. Define an (8k + 6) x (8k + 6) matrix 
Iv= 
where e is a (8k + 5)-vector of 1’s. Then 
NiVT = (8k + 5)1, (3.6) 
(where NT is the transpose of N) since each row has 8k + 5 nonzero entries. To 
see the orthogonal property consider row i and row J with neither being the last 
row. y property ( 1 . 1), the two zero entries in rows i and i are not collinear. By 
property (1.3), there are 4k t 1 columns in M for kvhich row i and row i have the 
same sign. Since the two rows also have the same sign in the last column, there is 
a total of 4k + 2 columns in which these rows have the same sign 
there is a total of (8k + 6) - 2- (4k t 2) = 4k + 2 columns for whit 
ite signs. Therefore row i is orthogonal to row i. Final1 
to any other row since the number of “ 1” sntrjes equals 
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A well-known result of Raghavarao, van Lint and Seidel (see p. 294 of [lo], for 
example) shows that a necessary condition for the existence of a square rational 
matrix Q of order 4 = 2 (mod 4) satisfying QQT = ml is that m = a2 + b2 for some 
integers a and bi. Since it is also well known (see Theorem 366 of [4], for 
example: that a number y1 is the sum of two squares if and only if all prime factors 
e form 4m +3 have even exponents in the standard form of n, Theorem 
The author wishes to thank. a referee for suggesting an improm.ved version of 
Theorem 2. 
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